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The connection between Dirac dynamic and parity symmetry
C. H. Coronado Villalobos∗ and R. J. Bueno Rogerio†
Departamento de F´ısica e Qu´ımica, Universidade Estadual Paulista, Guaratingueta´, SP, Brazil.
Dirac spinors are important objects in the current literature, the algebraic structure presented in
the text-books is a general method to write it, however, not unique. The purpose of the present work
is to show an alternative approach to construct Dirac spinors, considering the interchange between
the Lorentz representation space (1/2, 0) and (0, 1/2) made by the “Magic of Pauli matrices” and
not by parity, as commonly it was thought. As it is well known, parity operator is related with the
Dirac dynamics, as it can be seen in the reference [1]. The major focus is to establish the relation
between Dirac dynamics with parity operator, the reverse path shown in [1].
PACS numbers: 11.10.-z, 03.70.+k, 03.65.Fd
I. INTRODUCTION
It is known that the full Lorentz group is composed
by rotation generators, J , boost generators, K, and dis-
crete symmetries: parity, P , and time reversion, or time
reflection, T [2]. The Dirac spinors are built within the
full Lorentz group, keeping as the transformation law be-
tween the spinorial components, left-hand and right-hand
components, the parity symmetry. In other words, this
symmetry is exactly the link element between both parts
of the representation space, i.e., it connects the subspaces
(j, 0) and (0, j). In reference [1] was shown that parity
operator, P , in the spin 1/2 representation is given by
Pψ(p) = m−1γµp
µψ(p), (1)
which allows us to derive the Dirac equation from the
space-time symmetries alone.
Nevertheless, there are cases where the representation
spaces are not connected by discrete symmetries, like in
the Elkos spinors case, proposed in reference [3]. In this
case the transformation law between the spinorial com-
ponents is known as “Magic of Pauli matrices”; this ob-
servation was first made by Ramond in [4], and it reads
ΘσΘ−1 = −σ∗, (2)
where Θ, in the spin 1/2 representation, is given by
Θ =
(
0 −1
1 0
)
. (3)
The above operator is known by Wigner Time Reversal
Operator.
Following the Elko recipe, we present a set of single
helicity spinors, which endows the “Magic of Pauli ma-
trices” as a crucial link between the representation space,
for this case (1/2, 0) and (0, 1/2). The relevance of this
work lies in the consequence of once imposed the Dirac
∗ ccoronado@feg.unesp.br
† rodolforogerio@feg.unesp.br
dynamics for the spinors, it takes us directly to a re-
lation between the phases and concomitantly the same
relation is observed when it is imposed to the spinors be-
ing eigenspinors of parity operator. On the other hand, if
the spinors satisfies the Dirac dynamics accordingly they
are eigenspinors of parity operator, and as was shown in
[1] the inverse path is truth too.
This paper is organized as it follows: In Section II we
define dual helicity spinor as well single helicity spinors
and we present the right and left hand components and
its respective helicity. In Section III we analyse the be-
haviour of the spinors under action of the Dirac operator,
via two distinct methods, and then the phases fixation
to be coherent with the Dirac dynamics, finally we show
that also it satisfies the Klein-Gordon equation. Section
IV is reserved to ascertain the action of parity symmetry
over the spinors. We construct the dual spinor in Section
V aiming to write the spin sums.
II. PROPOSING NEW SPINORS
Motivated by the Elko theoretical discovery [5], we
present here the construction of a spinor which inher-
its the same law of transformation between the spinorial
components, or in other words, the “magic of the Pauli
matrices”. Following the same way of thought used in the
Elko construction, we are able to obtain four spinors; two
of them are dual helicity objects and the remaining two
are single helicity objects. So, we start by showing the
dual helicity spinors. Basically these spinors essentially
must be recognized as Elko. They are defined by
ψ{+,+}(0) ≡
(
ς1Θφ
∗{+}
L (0)
ς2Θφ
∗{+}
R (0)
)
, (4)
ψ{−,−}(0) ≡
(
ς ′1Θφ
∗{−}
L (0)
ς ′2Θφ
∗{−}
R (0)
)
, (5)
where ς ∈ C are arbitrary phases. For Elko spinors, the
phases are fixed imposing Cψh = ±ψh [3]. For the single
2helicity spinors, we have the following representation
ψ{+,−}(0) ≡
(
ξ1Θφ
∗{+}
L (0)
ξ2Θφ
∗{−}
R (0)
)
, (6)
ψ{−,+}(0) ≡
(
ξ′1Θφ
∗{−}
L (0)
ξ′2Θφ
∗{+}
R (0)
)
, (7)
the phases ξ ∈ C represents an arbitrary phase. Using the
“magic of the Pauli matrices” it allows to write, with no
mention to discrete symmetries, a complete set of dual
and single helicity spinors. In the present work, our aim
is to use this mathematical device to study the possibil-
ity to construct Dirac spinors, changing the usual link
between the representation space (1/2, 0) and (0, 1/2),
usually made via parity, but now made by relation (2). In
this fashion, looking forward to understand the physical
content in this new set of spinors and study any conse-
quence by the absent of discrete symmetry.
Choosing the components to be eigenstates of the he-
licity operator, ~σ ·pˆ, one finds the left-hand spinorial com-
ponentes at the rest frame [3, 6]
φ
{+}
L (0) =
√
m
(
cos(θ/2)e−iφ/2
sin(θ/2)eiφ/2
)
, (8)
φ
{−}
L (0) =
√
m
( − sin(θ/2)e−iφ/2
cos(θ/2)eiφ/2
)
, (9)
and the right-hand components as well
φ
{+}
R (0) =
√
m
( −i sin(θ/2)e−iφ/2
i cos(θ/2)eiφ/2,
)
, (10)
φ
{−}
R (0) =
√
m
( −i cos(θ/2)e−iφ/2
−i sin(θ/2)eiφ/2
)
. (11)
The mass term is chosen such that in the massless limit
the rest spinors in the representation space (1/2, 0) and
(0, 1/2) identically vanish, so that there can be no mass-
less particle at rest [7]. The interaction amplitudes must
have the factor mj , where j is the spin of the particle, in
order to the m→ 0 limit be consistent [8].
Regarding the helicity, we have to described the action
of the operator ~σ · pˆ at the spinorial components. Thus,
we can define the following relations
~σ · pˆ Θφ∗{±}L (0) = ∓Θφ∗{±}L (0), (12)
~σ · pˆ Θφ∗{±}R (0) = ±Θφ∗{±}R (0). (13)
Such relationships are of great importance and will be
used in the scope of this work. Once we had defined above
the action of the operator ~σ · pˆ on the rest-frame spinors,
one is able to write the spinors in a boosted-frame with an
arbritary momentum. So, the boosted spinors are given
by the action of the boost matrix, as we can see below
ψ{h,−h}(p) =
(
κ(1/2,0) 0
0 κ(0,1/2)
)
ψ{h,−h}(0), (14)
where the boost matrix components κ(1/2,0) and κ(0,1/2)
are the right-hand and left-hand boost operators, respec-
tively. They are defined by [3, 9]
κ(1/2,0) =
√
E +m
2m
(
I+
~σ.~p
E +m
)
, (15)
κ(0,1/2) =
√
E +m
2m
(
I− ~σ.~p
E +m
)
. (16)
In this way, the boosted-frame dual helicity spinors are
given by
ψ{+,+}(p) =
√
E +m
2m
(
1− p
E +m
)
ψ{+,+}(0), (17)
ψ{−,−}(p) =
√
E +m
2m
(
1 +
p
E +m
)
ψ{−,−}(0), (18)
and for the single helicity case we have
ψ{h}(p) =
√
E +m
2m
(
I+ p ~σ.pˆE+m 0
0 I− p ~σ.pˆE+m
)
ψ{h}(0),
(19)
where h stands for {±,∓} helicities. So, in this manner,
it is possible to define all the possible spinors in an arbi-
trary momentum inertial frame. The Dirac equation can
be derived by simply appealing to the properties of the
parity operator P . So we define such operator to be
Pψ(p) = ηψ(−p), (20)
where η an off-diagonal matrix
η =
(
0 I
I 0
)
. (21)
Then, using (19) and (20), we easily obtain
P = m−1γµp
µ. (22)
The above operator has eigenvalues±1 [1]. Indeed, the fo-
cus of this paper, is to find spinors governed by the Dirac
dynamic and then verify its behaviour under parity op-
erator, showing the inverse path and the correspondence
between the mentioned method and the method analysed
by L. Speranc¸a in reference [1].
III. FIELD DYNAMICS
In this section, our focus is to verify the dynamic asso-
ciated to the proposed spinors. The set of spinors belongs
to Lorentz proper orthochronous group, formed only by
rotation and boost generators; by this reason the focus is
now to evaluate any emergent consequences, if any car-
ried by the mentioned fact, in the dynamical interpreta-
tion. For this task we start analysing whether this set of
spinors satisfy Dirac equation and how the phases must
be related and fixed. Finally, we shall evaluate if it satis-
fies Klein-Gordon equation, as a consistent check.
3In order to verify if all the spinors satisfies Dirac equa-
tion, we employ here two distinct methods. Start using
the same mathematical construction that was made in
[10] and lastly the second method is the action of the
Dirac operator, γµp
µ, upon the spinors.
Here we start using the same formalism used in [10],
where the Dirac operator is built starting from a rest-
frame spinor and then acting with the boost operator,
from (14) it is known that
ψ{+,−}(p) =
√
E +m
2m
(
I+ p ~σ.pˆE+m 0
0 I− p ~σ.pˆE+m
)
ψ{+,−}(0).
(23)
For didactic purposes, as an example, we use ψ{+,−}(p)
1
ψ{+,−}(p) =
√
E +m
2m
((
I+ p ~σ.pˆE+m
)
ξ1Θφ
∗{+}
L (0)(
I− p ~σ.pˆE+m
)
ξ2Θφ
∗{−}
R (0)
)
.
(24)
where we can easily identify the right-hand component
as
φ
{+}
R (p) =
E +m+ ~σ.~p√
2m(E +m)
ξ1Θφ
∗{+}
L (0), (25)
with the left-hand component is
φ
{−}
L (p) =
E +m− ~σ.~p√
2m(E +m)
ξ2Θφ
∗{−}
R (0). (26)
As the next step, we present some usefull relations:
Θφ
∗{+}
L (0) = −iΘφ∗{−}R (0), (27)
Θφ
∗{−}
R (0) = iΘφ
∗{+}
L (0). (28)
Inserting the last two relations above in the equations
(25) and (26), it is easy to find
φ
{+}
R (p) = −iξ1ξ∗2
[E + ~σ.~p
m
]
φ
{−}
L (p), (29)
and
φ
{−}
L (p) = iξ
∗
1ξ2
[E − ~σ.~p
m
]
φ
{+}
R (p). (30)
The formalism presented in these calculations shows that
equations (29) and (30) allows to write them in a simple
matricial form(
m −iξ1ξ∗2(p0 + ~σ.~p)
iξ∗1ξ2(p0 − ~σ.~p) −m
)(
φ
{+}
R (p)
φ
{−}
L (p)
)
= 0.
(31)
1 In the present approach we use only ψ{+,−}(p), to simplify the
calculations. The algorithm is identical to the other spinors.
In order to the last equation be regarded as Dirac equa-
tion, we must fix the phases as
ξ1 = iξ2. (32)
With this condition, equation (31) becomes( −m (p0 + ~σ.~p)
(p0 − ~σ.~p) −m
)(
φ
{+}
R (p)
φ
{−}
L (p)
)
= 0, (33)
making possible to write (33) as
(γµp
µ −mI)ψ{+,−}(p) = 0. (34)
Repeating the same procedure for ψ{−,+}(p), we con-
clude
ξ′1 = −iξ′2, (35)
in this such manner
(γµp
µ −mI)ψ{−,+}(p) = 0. (36)
The last equation evidences to the reader that all ψ(p)
satisfies Dirac equation, as far as Eq. (35) holds . Apply-
ing once again the same procedure in the equation (36),
it becomes easy to verify
( +m2)ψ{±,∓}(p) = 0. (37)
Which reproduces Klein-Gordon equation annihilating
all ψh(p).
As said before, the second method consists in analyse
spinors under action of the γµp
µ operator, taking care
with conditions that governs the phases terms. In this
way, we operate with γµp
µ upon the spinors in (6), thus
γµp
µψ{+,−}(p) =
[
Eγ0 +
(
0 p~σ.pˆ
−p~σ.pˆ 0
)]
ψ{+,−}(p).
(38)
Using equations (12) and (23), one is able to write the
spinor in a boosted-frame with an arbitrary momentum
as 2
ψ{+,−}(p) =

 ξ1Λ−(pµ)Θφ∗{+}L (0)
ξ2Λ+(p
µ)Θφ
∗{−}
R (0)

 . (39)
Now, operating with γµp
µ over (39) we have
γµp
µψ{+,−}(p) =

 (E − p)ξ2Λ+(pµ)Θφ∗{−}R (0)
(E + p)ξ1Λ−(p
µ)Θφ
∗{+}
L (0)

,(40)
and we can see that ψ{+,−}(p) is not an eigenspinor of
γµp
µ. It is easy to see that the matricial components of
2 In order to summarize the notation we define the boosts opera-
tors as it reads: Λ±(pµ) ≡
√
E+m
2
(
1± p σ·pˆ
E+m
)
.
4equation (40) is shifted when compared to (39). To con-
tinue with the calculations, we use the following trick,
actually, we are using the relations between Θ and the
spinorial left and right-hand components, given in equa-
tions (27) and (28).
Taking that into account and using the last two rela-
tions above, one is able to write
γµp
µψ{+,−}(p) = im

 ξ2Λ−(pµ)Θφ∗{+}L (0)
−ξ1Λ+(pµ)Θφ∗{−}R (0),

 .(41)
Firstly, for ψ{+,−}(p), equation (41) only represents
Dirac equation, if the following conditions are imposed
over the phases
ξ1 = +iξ2 and ξ2 = −iξ1, (42)
and for ψ{−,+}(p), relation must be setted as
ξ′1 = −iξ′2 and ξ′2 = +iξ′1, (43)
which is in agreement with first method, thus, showing
the consistency between both methods. As it was ex-
pected, the spinors must to satisfy Klein-Gordon equa-
tion, then we easily conclude
(+m2)ψ{+,−}(p) = 0. (44)
Obviously the last equation is satisfied by the other re-
maining spinors. Thereby, we have showed that both
methods works and are consistent.
IV. DEFINING A COMPLETE SET OF
SPINORS VIA PARITY OPERATOR
In order to built a complete set for the ψ spinors, we
introduce here the action of parity operator, and like as
Dirac case. In the (1/2, 0)⊕(0, 1/2) representation space,
the parity operator reads
P = eiΦγ0R, (45)
where the R acts as
R ≡ {θ → π − θ, φ→ φ+ π, p→ p}, (46)
and we consider an arbitraty phase eiΦ, which will be
fixed if necessary. Thus, we act with the parity operator
over ψ{−,+}(p)
Pψ{−,+}(p) = eiΦγ0R
(
ξ′1Λ+(p
µ)Θφ
∗{−}
L (0)
ξ′2Λ−(p
µ)Θφ
∗{+}
R (0)
)
.(47)
Analysing the action of R over the spinors components,
we have
Rφ∗{−}L (p) = φ∗{−}L (p), (48)
Rφ∗{+}R (p) = φ∗{+}R (p). (49)
Finally, the equation (47) can be expresed as
Pψ{−,+}(p) = eiΦ
(
−iξ′2Λ+(pµ)Θφ∗{−}L (0)
iξ′1Λ−(p
µ)Θφ
∗{+}
R (0)
)
. (50)
In order that the spinor on equation (50) becomes an
eigenspinor of parity operator, we impose
ξ′2 = iξ
′
1e
iΦ, (51)
and for the other case, ψ{+,−}(p), reads
ξ2 = −iξ1eiΦ, (52)
fixing eiΦ = +1 we have positive eigenvalues, so it is easy
then to conclude Pψ
{λ}
+ = +ψ
{λ}
+ . Now, imposing ψ to
have negative eigenvalues, we must to fix eiΦ = −1, in
other words, Pψ
{λ}
− = −ψ{λ}− , then, for the phases of
ψ{+,−}(p) we have the condition 3,
ξ4 = iξ3, (53)
and for the other case, ψ{−,+}(p), it reads
ξ′4 = −iξ′3, (54)
So, we are able to write a complete set of single helicity
spinors:
ψ
{+,−}
+ (p) =
(
ξ1Λ−(p
µ)Θφ
{+}∗
L (0)
−iξ1Λ+(pµ)Θφ{−}∗R (0)
)
, (55)
ψ
{−,+}
+ (p) =
(
ξ′1Λ+(p
µ)Θφ
{−}∗
L (0)
iξ′1Λ−(p
µ)Θφ
{+}∗
R (0)
)
, (56)
both spinors above with positive eigenvalue, and analo-
gously
ψ
{+,−}
− (p) =
(
ξ3Λ−(p
µ)Θφ
{+}∗
L (0)
iξ3Λ+(p
µ)Θφ
{−}∗
R (0)
)
, (57)
ψ
{−,+}
− (p) =
(
ξ′3Λ+(p
µ)Θφ
{−}∗
L (0)
−iξ′3Λ−(pµ)Θφ{+}∗R (0)
)
, (58)
with negative eigenvalue. In this context we defined a
complete set of eigenspinors of parity operator, the last
two remaining spinors ψh−(p), given in equations (57) and
(58), both satisfies the dynamics presented in Section III.
It is our duty to point out, that spinors in equations (55)-
(58) has a non unitary transformation, in this sense, it
forms a basis playing the role of expansion coefficients of
a quantum field.
3 To avoid confusion and to elucidate that the phases are different
from the previous analysis, we made the following ξ1 → ξ3 and
ξ2 → ξ4, the same still valid for the primed phases.
5V. DUAL CONSTRUCTION AND SPIN SUMS
In section II, we have constructed all the possible
spinors using the components given in equation (8) and
(10), the dual helicity spinors and the single helicity
spinors. Now, in this present section, our next task is:
use the defined single helicity spinors in Eq.(6) to find
the corresponding dual (eventually check if it is the same
dual as for the Dirac case as shown in [10]). For this
task we shall apply the same mathematical prescription,
a mathematically rigorous recipe, as adopted recently
for the Elko dual construction at [11, 12], which can be
followed to construct or define any dual. The quantity
∼
ψ h(p)ψh(p) must yields an invariant and real definite
norm, in addition it must secure a positive definite norm
for two ψh, and negative-definite norm for the other re-
maining two. Any other choice becomes unjustifiably and
forbids a physical and relevant interpretation. After some
calculations, we easily conclude
∼
ψ±
{+,−}(p) = [ψ
{+,−}
± (p)]
†γ0, (59)
∼
ψ±
{−,+}(p) = [ψ
{−,+}
± (p)]
†γ0. (60)
The dual spinor obtained reads the same as for the Dirac
case. With the dual thus defined, we have now, by con-
struction, the orthonormality relations given by
∼
ψ+
h(p)ψ+
h′(p) = +2mδhh
′
,
∼
ψ−
h(p)ψ−
h′(p) = −2mδhh′, (61)
∼
ψ±
h(p)ψ∓
h′(p) = 0.
Thus, we have defined the dual structure that provides a
complete set of orthonormality relations ensuring a pos-
sible quantization.
The spin sums plays a very important role on the
quantum field, it gives information about the locality
structure, fermionic statistics and information about the
Feynman-Dyson propagator structure, since this quan-
tity appears on the core of the quantum field operator.
A particular aspect about the spin sums is that in some
cases it is proportional to the wave operator, as it hap-
pens in the Dirac case [3, 10]. So, here we will write the
spin sums using the dual structure calculated, in order to
obtain relevant information about the field locality struc-
ture. Now, we have a particular case, where the spinor
dual structure matchs with the Dirac’s dual. Insomuch,
is important to evaluate the spin sums, and then verify if
this amount has the same structure as it has for Dirac’s
case. So, we have
∑
h={±,∓}
ψh+(p)
∼
ψ
h
+ (p) = (γµp
µ +mI), (62)
and ∑
h={±,∓}
ψh−(p)
∼
ψ
h
− (p) = (γµp
µ −mI). (63)
Analogously with the Dirac spinors in [10], ψh+(p) can
be interpreted as the bi-spinors u(p) wave function and
following the same reasoning for ψh−(p), which can be
interpreted as v(p) wave functions.
VI. FINAL REMARKS
The purpose of this work, was to show the possibility
to construct Dirac spinors, analogous as it was made for
Elko, however, in abstaining parity symmetry. It should
be mentioned, that in this context, we do not consider
parity symmetry as a crucial link between the Lorentz
representation spaces (1/2, 0) and (0, 1/2), although this
symmetry arises from the requirement to construct a
complete set of spinors, as like u(p) and v(p), for Dirac
spinor. It is important to comment about this feature,
whereas we constructed the reverse path contrasting with
the work [1]. Basically, we claim that independently of
choosing P symmetry or the dynamics given by γµp
µ,
by means choosing one another comes naturally, and
vice-versa. Both are always correlated independent of the
choice.
Guided by the classification for the spinors developed
by Lounesto in [13], the spinors proposed here are clas-
sified as Dirac type-2, when the phases are given by re-
lations (42) and (43), as it was expected. On the other
hand, if the phases are fixed as ξ1 = ±i and ξ2 = ∓i we
obtain spinors that does not satisfy the Dirac dynamic
but belongs to type-3 within Lounesto classification.
We believe that parity symmetry is not an unique link
between representation spaces, we have showed here that
the abstention of such link does not affects the field dy-
namic, it remains the same as for the Dirac case. In this
way, to conclude this discussion, we have showed that, if
and only if, the spinor satisfy the Dirac dynamic it is an
eigenspinor of parity operator, being a counterpart for
what was made in [1].
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